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Chapter |
Problems

1.Let o be a fixed real number. Determine all functions f : R — R satisfying

Afx + )f(x — ) =x> + apfy) for all x, y € R.
WALTER JANOUS, AUSTRIAN NMO, 2017

2. Let M be a set of 2017 positive integers. For every non-empty 4 < M, we define
flAd) = {x € M : x is divisible by odd number of elements of 4}.

Find the minimum number of colors such that it is possible to paint all non-empty
subset of M in such a way that, whenever 4 # f{4), the sets 4 and f{4) are in different
colors.

ALEKSANDAR IVANOV, BULGARIAN NMO, 2017

3. Let n be a positive integer and a;, ay, ..., a4z, be 2n distinct integers. Given that the
equation |x — ;| |x —a3| ... |x — @2,| = (n!)* has an integer solution x = m, find m in terms
ofay, ..., a,.

SINGAPORE, SMO, 2017

4. We consider the real numbers x, y and z, which satisfy the system of equations:
xX+y+z=3
Xy +yz+xz=2"
Compute max(x) + min(x).
D.M. BATINETU-GIURGIU, NECULAI STANCIU, ROMANIA

5. Given 7 distinct positive integers, prove that there is an infinite arithmetic progression
of positive integers a, a + d, a + 2d, ..., with a < d, that contains exactly 3 or 4 of the 7
given integers.

SINGAPORE, SMO, 2017

6. Solve the equation x*(2 —x)* =1 + 2(1 — x)*.
FINBAR HOLLAND, IRELAND SHL, 2017

7. Show that, for all x, y, z, w, x = w)(y —2z) + (y —w)(z —x) + (z — w)(x —y) = 0 and
sin(x — w)sin(y — z) + sin(y — w)sin(z — x) + sin(z — w)sin(x — y) = 0.
FINBAR HOLLAND, IRELAND SHL, 2017

8. Let fin) = 4n> + Tn”> + 3n + 6. Prove that if n is an integer, then f{n) is not the cube
of an integer.
ToM LAFFEY, IRELAND SHL, 2017
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9. For each positive integer #, let ¢, =2017". Suppose that a function /: N — R satisfies

the following two conditions:

(1) flm +n) <2017 - fim) - f(n + 325) for each positive integer m, n;

(i) 0 < flc, + 1) <flc,)™" for each positive integer .
Show that there exist a sequence ay, as, ..., satisfying the following condition.
For all positive integers n, k with a; < n, we have f(n)* <f(cy)".

In the problem, N is the set of positive integers and R is the set of reels.
KOREAN NMO, 2017

10. A function f: Z — Z is called loggy if it satisfies the following two conditions:
(1) fixy) = fix) + fiy) (mod 8) for all x, y € Z that are not divisible by 17;
(i1) fix + 17) = fix) (mod 8) for all x € Z.

Determine, with proof:
a) if there exists a loggy function for which f(2) = 1;
b) if there exists a loggy function for which f{3) = 1.
BERND KREUSSLER, IRELAND NMO, 2017

11. Let n be a positive integer and ay, ..., a, positive real numbers. Let:
Sp = alk +...+ af fork=1,2,3, ....
3 2 4
S8 8,8,80 S
Prove that =L 24271 L 72 > (),
5 4 20

ToM LAFFEY, IRELAND SHL, 2017

12. Suppose x, y, z are positive numbers that sum to 7. Prove that:
sin2x+sin2y +sin2z

- . - <L
sinx +sin y +sinz

with equality ifx=y=z=

w3

FINBAR HOLLAND, IRELAND SHL, 2017

13. There are some boys and some girls at a party. A set of boys is said to be sociable if
every girl at the party knows at least one boy in that set, and similarly a set of girls is
said to be sociable if every boy at the party knows at least one girl in that set.
Suppose that the number of sociable sets of boys is odd. Prove that the number of
sociable sets of girls is also odd.
Note: Acquaintance is mutual.

MARK FLANAGAN, IRELAND NMO, 2017
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14.

15.

16.

17.

18.

19.

20.

21.

Suppose 4, B, and C are the angles in an acute-angled triangle. Prove that:
sin2A4+sin2B +sin2C <.

cos A+ cosB +cosC
FINBAR HOLLAND, IRELAND SHL, 2017

In A4BC, the following relationship holds:
ab’ + b’ + ca’ > 622087,
DANIEL SITARU, RMM, ROMANIA

In AABC, the following relationship holds:

H(ma +ra)28\/Hwaha +(\/Hma —\/Hra )2 .

DANIEL SITARU, RMM, ROMANIA

In A4BC, the following relationship holds:

(ZJHZ)Z ZZma +6%/rs_2.

DANIEL SITARU, RMM, ROMANIA

If in AABC, K-Lemoine’s point, then the following relationship holds:
Z%/;-KAZ S \3/abc(a%/a7+b3/b7+c%/07) ‘
Ja+lb+3e

DANIEL SITARU, RMM, ROMANIA

Ifa, b, c 20, then:

2cos10 Z(a2+ab).
1+2+/3 cos10°

DANIEL SITARU, RMM, ROMANIA

(cos 50° + cos 70°) > a* >

In A4BC, the following relationship holds:
a’r, + bry + Fr. > 1085°.
DANIEL SITARU, RMM, ROMANIA

In any triangle ABC, the following relationship holds:
z:czzc2 sin2B + szcz sin24 > 432+/37°.
DANIEL SITARU, RMM, ROMANIA
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22.

23.

24.

25.

26.

217.

28.

In AABC, the following relationship holds:

3 3 3
(acot20° + beot 40° + ccot 80°)° > 93 [a— + b—+c—}

Lo

DANIEL SITARU, RMM, ROMANIA
Ifa, b € N\ {0}, then:

ab 1+ab
(a+ ab+b) l+ ! +l S(3a+3bj .
a Jab b 1+ab

DANIEL SITARU, RMM, ROMANIA

Ifa, b, x,y, z> 0, then:
i/(a+b(x+y+z)j[a+b(x+y+z)](a+c(x+y+z)jZa+3b'

x y z

DANIEL SITARU, RMM, ROMANIA

If in AABC 2Rr =1, then:
16R* + 12/ > 19.
DANIEL SITARU, RMM, ROMANIA

If in AABC tanétang = l, then:
2 2 3

s* > 27R? sin® g.
DANIEL SITARU, RMM, ROMANIA

If a, b, ¢ > 0, then:

a a* b b c
03— —— |+| 63— —— |+| 63— —— |<15.
b b c c a a
DANIEL SITARU, RMM, ROMANIA

In A4ABC, the following relationship holds:
1

1
Z“(a+2\/£)(b+2JE) TS

DANIEL SITARU, RMM, ROMANIA
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29. If in AABC:

<5
DANIEL SITARU, RMM, ROMANIA

30. In A4BC, the following relationship holds:

(@® +b* +*Wa® +b> +¢* 2 6abe6cos Acos BeosC.
DANIEL SITARU, RMM, ROMANIA

31.Letben € N\ {1} sia; € R, k € 1,n. Prove that:

n n

2 2 . _
Z\/ak — A, A 2 zak’ a,, =4a.
k=1 k=1

D.M. BATINETU-GIURGIU, NECULAI STANCIU,
ROMANIA, RMM SUMMER EDITION, 2016

32. Prove that if a, b, ¢, d > 0, then:

a+ b+ +d =1; abe + bed + cda + dab =

N | —

2
P >4
1+2bcd 5

DANIEL SITARU, ROMANIA, RMM SUMMER EDITION, 2016

33.1fx, y,z € (0, ©), then: x + y + z + LS+L3+L32 12

DANIEL SITARU, ROMANIA, RMM SUMMER EDITION, 2016

34. We consider f{x) = x* + bx* + cx + d with f2014) = 2013 and g(x) = x* — 2x + 2014
such that the equation f{g(x)) = 0 doesn’t have real roots. Solve the equation f{x) = 0
knowing that it has three distinct natural numbers roots.

D.M. BATINETU-GIURGIU, NECULAI STANCIU, ROMANIA

35.1fa, b, c>0, (a+ b)(b+ c)(c + a) = a*b*c, then:
Ja+b+~b+c+c+a>6.
DANIEL SITARU, RMM, ROMANIA
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36.Ifa, b, c>0,a*+b*+¢* =3, then:
2 2 2
6[ b ¢ a ]2(a+b+c)2.

+ +
Ja2+3 b +3 N +3
DANIEL SITARU, RMM, ROMANIA

37. In AABC, the following relationship holds:
at b’ ¢t
+ +
tan22° tan22°tan23° tan23°
DANIEL SITARU, RMM, ROMANIA

> 4887,

38. There are 12 chairs which are aligned and labeled by numbers 1; 2; ...; 12 from
left to right. A grasshopper can jump from one chair to another following the rule:
from a chair with number £ it can jump to the chair with number # if and only if |k — n| =
=5 or |k — n| = 8. It is known that grasshopper managed to do the jump so that it visited
all chairs exactly once. What chair could be the initial position for the grasshopper?
UKRAINIAN NMO, 2016

39. Let x, y, z be real numbers from segment [0; 1]. Prove that:
@y Y D) -y T -2+ (2 -x)° <6
YASINSKII VYACHESLAV, UKRAINIAN NMO, 2016

40. Find all real numbers x satisfying the following equation:

@+ )’ = (e + {x}) = 6[x]{x} - 1,
where [x] and {x} denote the integer part and fractional part of x, respectively.
NGUYEN VIET HUNG, VIETNAM, RMM AUTUMN EDITION, 2016

41. A convex quadrilateral ABCD is inscribed in a circle. The lines 4D and BC meet
at point E£. Points M and N are taken on the sides 4D and BC, respectively, so that
AM : MD = BN : NC. Let the circumcircles of triangle EMN and quadrilateral ABCD
intersect at point X and Y. Prove that either the lines 4B, CD and XY have a common
point, or they are all parallel.

DUSAN DJUKIC, SERBIAN NMO, 2017

42. Let p be a prime. Show that %/; +3/p’ is irrational.
THAILAND NMO, 2017

43. Find all functions f/: R — R which satisfy:
JUx) = y) < xflx) + fly) (1)

for all real numbers x and y.
THAILAND NMO, 2017
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44. Find all functions f: Q" — Q" such that:
Sfx) + ) = () +y (1)

for all positive rational x, y.
THAILAND NMO, 2017

45. Find all functions /: N — N such that for every positive integer m the following is
true: If we denote by dy, d>, ..., d, all the divisors of number m, then:

fid) -fdy) - ... - fid,) = m.
PAVEL CALABEK, CZECH & SLOVAK NMO, 2017

46. Find all triplets of integers (a, b, c) such that each of the fractions:
a b

b+c c+a a+b

JAROSLAV SVRCEK, CZECH & SLOVAK NMO, 2017

is an integer.

47. Let ABC be an acute triangle with altitude AD. The bisectors of angles BAD, CAD
intersect side BC at E, F, respectively. The circumcircle of triangle AEF intersects sides
AB, AC at G, H, respectively. Prove that lines £H, FG, and AD pass through a common
point.

PATRIK BAK, CZECH & SLOVAK NMO, 2017

48.Letbe /1 R — R, f(x) = > a,x", where ¢; > 0, V k = O,n. If f(4) = 8 and
k=0

£(9) =18, then find max(f'(6)) and the value for which this maximum is achieved.
D.M.BATINETU-GIURGIU, NECULAI STANCIU, ROMANIA

49.1fa,b,c>0,a+b+c=3,x € R, then:
(i/azsin2 x +3bcos? x)(i/bsin2 x +3ccos? c)(%/csin2 x +3Jacos? x) <4
DANIEL SITARU, RMM, ROMANIA

50. If x, y, z> 0, then:
X3 y X y3 X2 y2
— 42> —42) —+ > 2> > —+12+ ) —.
Y )
DANIEL SITARU, RMM, ROMANIA

51.1fx,y,z>0,x +y+z=3, then:
(3/;+{/;)3 +(%/;+3/;)3+(3/2+%/;)3 <24.

DANIEL SITARU, RMM, ROMANIA
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52.

53.

54.

55.

56.

57.

58.

59.

If in AABC S = 2, then:
(2s—a)2s —b)(2s—c) S 1
(2+a/sin A)(2+by/sin B)(2 +c/sinC)  /sin Asin BsinC
DANIEL SITARU, RMM, ROMANIA

In acute AABC, the following relationship holds:
a*b*c? sin 24 sin 2B sin 2C cos A cos B cos C < S°.
DANIEL SITARU, RMM, ROMANIA

In A4ABC, the following relationship holds:
(am, +bm, +cm, Y am’ +bm; +cm’) < (a+b+c)am! +bm; +cm?).
DANIEL SITARU, RMM, ROMANIA

Ifa, b, ¢ > 0, then:

> 3f(a+3b)(2a+2b)3a+b)

>4,
Jab ++/be +ea

DANIEL SITARU, RMM, ROMANIA

Ifa, b, c>0,a*+b*+c* =3, then:
a +1 b +1 c+1
+ +
\/az—a+1 \/bz—b+1 \/cz—c+1
DANIEL SITARU, RMM, ROMANIA

> 6.

In A4BC, the following relationship holds:
4 2
(a+b) S 64s .
ab 3
DANIEL SITARU, RMM, ROMANIA

Ifa,b,c,d>0,l+l+l+l=1,then:
a b ¢ d

Ja+3b+3fc+3d <3abed.

DANIEL SITARU, RMM, ROMANIA

Ifx,y,z>1, then:

1 3
< .
Z1+\/(x—1)(y—1) 3 xyz

DANIEL SITARU, RMM, ROMANIA
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60. In AABC, «B > «C. Let D be the point on side BC such that <DAC = % The

circumcircle of AACD meets side AB again at E. The circumcircle of AABD meets side

AC again at F. The internal angle bisector of «BDFE meets side AB at P. The internal

angle bisector of «CDE meets side AC at Q. Prove that PQ and 4B are perpendicular.
HONG KONG, PREIMO 2017, MOCK EXAM

61. Let a, b, ¢, d be positive real numbers satisfying abcd = 1. Prove that:
(@b + b*c + Fd + dPa)(ab® + be* + cd” + da®) > (a + ¢)(b + d)(ac + bd + 2).
When does equality hold?
HONG KONG, PREIMO 2017, MOCK EXAM

62. Prove the following inequality:
16’ .
[(x + V) +2)z+x)] > 2—67 (x +y +z)’x’y’z’, where x, y, z are positive real numbers.

ANDREI BOGDAN UNGUREANU, RMM WINTER EDITION, 2016

63. Prove that if a, b, ¢, d € (0, ), \/g(ad —bc) =ac+ bd # 0, then:

d(a+b\3)—c(b—a3)>44abcd.

DANIEL SITARU, RMM WINTER EDITION, 2016
64. Prove that in an ABC acute-angled triangle the following relationship holds:
cos| =~ 4 |+cos| =B |+cos| = C >2—§.
4 4 4 R
DANIEL SITARU, RMM WINTER EDITION, 2017

65. Prove that in AABC:

2022, 2 233
> a(® chz @) > 645%(1—cos* A—cos’> B—cos’ C).
c
DANIEL SITARU, RMM WINTER EDITION, 2016
n_n(n+1)

.. 1
66. Let x1, x,, ..., X, be positive real numbers such that —+—+...+
XX, X 2

n

Find the minimum possible value of x, +x; +...+x/.

NGUYEN VIET HUNG, RMM SPRING EDITION, 2017

67. Prove that for all x € R we have cos(sin x) > |sin(cos x)|.
ABDALLAH EL FARISSI, RMM SPRING EDITION, 2017
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68. Let a, b € R such that a + b > 0, then:

a+bY 1 & 4, a"+b"
< ab"™t <—n0,
( 2 j 2 2

Cn+le
ABDALLAH EL FARISSI, RMM SPRING EDITION, 2017

69. Call a function f: N — N lively if la + b — 1) = f(f(...)f(b)...)) for all
L v el

a times

a,beN.

Suppose that g is a lively function such that g(4 +2018) = g(4) + 1 holds for some 4 > 2.
a) Prove that g(n + 2017°°"7) = g(n) for all n > 4 + 2.
b) If g(4 +2017*°"7) # g(4), determine g(n) forn < 4 — 1.
MARKO RADOVANOVIC, SERBIAN TST, 2017

70. A n x n square is divided into unit squares. One needs to place a number of
isosceles right triangles with hypotenuse 2, with vertices at grid points, in such a way
that every side of every unit square belongs to exactly on triangle (i.e. lies inside it or
on its boundary). Determine all numbers 7 for which this is possible.

DUSAN DJUKIC, SERBIAN TST, 2017

71. Let ABCD be a convex quadrilateral with AC L BD. Prove that there exist points
P, O, R, S on 4B, BC, CD, DA, respectively, such that PR 1 QS and the area of
quadrilateral PORS is exactly half that of ABCD.

THAILAND TST, 2017

72. Let a and b be real numbers such that a + b = 1. Prove the following inequality:

J1+54% +5J2+4b% 29,
B. BATTSENGEL, MONGOLIAN NMO, 2017

73. Let ABCD be an isosceles trapezoid with AD = BC and AB || CD. Let O be the
intersection of the diagonals and let M be the midpoint of AD. Circumcircle of BCM
intersects AD again at K. Prove that OK is parallel to AB.

B. BAT-OD, MONGOLIAN NMO, 2017

74. The altitudes AD and BE of acute triangle 4BC intersect at H. Let I be the
intersection of AB and a line that is parallel to the side BC and goes through the cir-
cumcenter of ABC. Let M be the midpoint of AH. Prove that «CMF = 90°.

G. BATZAYA, MONGOLIAN NMO, 2017

75. Let ABCD be a cyclic quadrilateral with circumcenter w, and £ be the intersection of
the diagonals AC and BD. A line passing through E intersects lines 4B, BC at P, Q,
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respectively. Let R (R # D) be the intersection point of w and circle that passes through
D, E and tangents the line PQ at E. Prove that B, P, O, R are cyclic.
B. KHOROLDAGVA, MONGOLIAN NMO, 2017

76. Find all functions f: R — R satisfying:
(a-b)fla+b)+(b—-c)f(b+c)+(c—a)f(ct+ta)=0
foralla, b, c € R.
MONGOLIAN NMO, 2017

717. Let I be the center of triangle ABC. Let D be a point on side BC, and E be a point

. BD BE
on ray BC such that C lies between £ and D and —=E—C. Let H be the feet of

DC
perpendicular from D to line /E. Prove that «tAHE = «IDE.
B. BATTSENGEL, G. BATZAYA, MONGOLIAN NMO, 2017

78. A rectangle R is dissected into 2016 small rectangles with sides parallel to the
sides of R. We call the vertices of those small rectangles nodes. A segment parallel to
the sides of R is called basic if its two end points are nodes and
there are no other nodes in the interior of it. Find the maximum A
and minimum of the number of basic segments among all possible
dissections of R. For example, in the figure on the right, R is
dissected into 5 small rectangles with a total of 16 segments. The
segments AB and BC are basic, while the segment AC is not. c

CHINA NMO, 2017

B

79. Let a, b be positive real numbers such that a* + ab + b* = 9. Find the maximal
value of expression:
(a + b)° + (ab)’ + 2(ab)’ + (ab)* — 17.
GEORGE APOSTOLOPOULOS, RMM SUMMER EDITION, 2017

80. Let ABC be an equilateral triangle inscribed in the circle (O) whose radius is R.
Prove that for an arbitrary point P lies on (O):

3 3 3
62 < P4 +sz3 +PC 3416

NGUYEN VIET HUNG, RMM SUMMER EDITION, 2017

81.1fa, b, c,n>0; n(ab + bc + ca) + 2abc = n’, then:
1 1 1 1
+ + <—.
a+b+2n b+c+2n c+a+2n n
MARIN CHIRCIU, RMM SUMMER EDITION, 2017
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82. Prove that if n € N'; a > 1, then:

(n+ta-1a-1""<d"
DANIEL SITARU, RMM SUMMER EDITION, 2017

83. Let ABC be an acute triangle. Prove that:
(a cot A)*(b cot B)’(c cot C)° < (2r)* <.
where a = BC, b= CA, ¢ = AB, and r is the in radius.
NGUYEN VIET HUNG, RMM AUTUMN EDITION, 2017

84. Let a, b, ¢ be positive real numbers. Prove that:
a+b b+ C+d S 9abc
¢ +ab da*+bc b*+ca ab+bc+ca
NGUYEN NGoc Tu, RMM AUTUMN EDITION, 2017

85. Prove that if a, b, ¢ are the length’s sides in A4BC, then:
sin® @ + sin® b + sin” ¢ > 4 sin s - sin(s — a) - sin(s — b) - sin(s — ¢).
DANIEL SITARU, RMM AUTUMN EDITION, 2017

86. If u, v> 0, with 2u — v > 0 and a, B, vy are the measures of the angles of triangle

ABC, then sma > 3

;"usinBJr v4/sina +sinf3 Tu+v
D.M. BATINETU-GIURGIU, NECULAI STANCIU,
RMM AUTUMN EDITION, 2017

87. Let a, b, c be positive real numbers, take:

X= ﬁ-f-é, Y= 2+£, 7=+
b a c b a c

Prove that: X+ Y +Z > 24(X> +Y* + Z> =3)(X + Y + Z +3).
NGUYEN NGoc Tu, RMM AUTUMN EDITION, 2017

88. The unit squares of an N x N board are coloured black and white so that squares
that share a side have different colours, and so that at least one corner square is coloured
black. In each step we choose a 2 x 2 square and change the colour of all four unit squares
inside that square, so that white unit squares become black, black become grey, and
grey become white.
Determine all positive integers N > 1 for which it is possible, using a finite number of
steps, to achieve that all unit squares that were originally black become white, and all
unit squares that were originally white become black.

CROATIAN NMO, 2017
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89. If x, y, z and w are real numbers such that:
YAy 2w x+3y+ 52+ Tw=4,
determine the largest possible value of x +y +z + w.
CROATIAN NMO, 2017

90. Determine the maximum value of the expression:
sin x sin y sin z + cos x cOS y €OS Z.
CROATIAN NMO, 2017

91. Determine all functions f/: R — R such that:
Sx +f) =) + 26) + x°

holds for all real numbers x and y.
ToNcI KOKAN, CROATIAN NMO, 2017

92, Let a, b, ¢ be positive real numbers such that a + b + ¢ = 1. Prove that:
1 1 1 1
+ + < ;
at+bc b+ca c+ab 4abc
Vo b e _
a+\/E b+\/a c+x/ab_2x/abc.

NGUYEN VIET HUNG, RMM WINTER EDITION, 2017

a)

b)

93. Let a, b, ¢ positive numbers such that a* + b* + ¢* = 3. Prove that:

a v ANy S 4
(b_5+c_5+;](?+b_5+c_5] 29.
NGUYEN NGOC Tu, HA GIANG, VIETNAM

94. Let a, b, ¢ > 0 such that (a + b)(b + ¢)(c + a) = 8. Prove that:

a 2b 2c 7
+ / +24/ <—.
a+1 b+1 c+1 2

NGUYEN NGOC TU, HA GIANG, VIETNAM

95. Let m > 0 and F be the area of the triangle 4ABC. Then:

m+2 m+2

m+2
a + b +-C > 2\/5 F.
b" +c" " +a" a"+b"
D.M. BATINETU-GIURGIU, ROMANIA, MARTIN
LUKAREVSKI, RMM WINTER EDITION, 2017

96. Solve for real numbers:
n

af n’
n

DANIEL SITARU, RMM WINTER EDITION, 2017
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97. Inside a circle of radius 1 (or on the circumference), one marks # points in such a
way that the minimal distance between two marked points is as large as possible. Let
d, be this distance between the two closest points. Is it true that d, + | < d, for every
natural number n > 2?

ESTONIAN NMO, 2017

98. Find all functions f: R — R that for all numbers x and y satisty f(x + y)f (xy) =

=f( =y +1).
ESTONIAN NMO, 2017

99. Solve the system of equations 3x + 7y + 14z = 252, xyz — u* = 2016 for non-ne-
gative real numbers.
ESTONIAN NMO, 2017

100. Find all positive integers n such that a square can be cut into n square pieces.
ESTONIAN NMO, 2017

101. Real numbers x, y and z satisfy x + y + z =4 and 1 + l+l = % Find the largest
X y z

and the smallest possible value of the expression x* + )’ + 2° + xyz.
ESTONIAN NMO, 2017

102. Solve for real numbers:
tanxtan ytanz =6

tanxtan y +tanxtanz +tan ytanz =11.
X+y+z=m
DANIEL SITARU, RMM, ROMANIA

103. Find x, y, z € (0, ) such that:
X+y+z=xyz
X y z 1.
+ + =—
y322 ZSXZ x3y2 3
DANIEL SITARU, RMM, ROMANIA

104. Solve for real numbers:

142y =2/x+1

2y +\/x+1+2\/y(x+1)_§«
12y+1 x+4 3x+3y+3 4
NGO MINH NGOC BAO, RMM, VIETNAM
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105. Solve the system of equations:

{\/;+ y+\/;+1=4 xyz

(D.
xy+yz+zx+3=2-((‘/;+4y+(‘/;)

HOANG LE NHAT TUNG, RMM, VIETNAM

106. Solve for integers:
x(y+z)=y>+z" -6
Yz+x)=z"+x"-6.
z(x+y)=x"+1" -6
MARIN CHIRCIU, RMM, ROMANIA

107. Solve for real numbers:
cos2x+cot3y =tan5z

cot3y+cot5z=tan2x.
cotS5z+cot2x =tan3y
DANIEL SITARU, RMM, ROMANIA

108. Suppose a sequence of integers xy, x, ... satisfies the following conditions:
o X = l,X2:X3: e = X3 =0.
X, 13=Xp+s5t2x, (n=1,2,..).
Find the value of x;44.
JAPAN NMO, 2017

109. Solve the question in R:

4 3
x" —3x

V=20 +2x 43 —x+ 1+ 2-Yax —3x* = +7. (1)

HOANG LE NHAT TUNG, RMM, VIETNAM

110. Solve for real numbers:

. T
arcsin[x]-arccos[x] = — — x°.

ROVSEN PIRGULIEV, RMM, AZERBAIJAN
111. Solve for real numbers:
[tan x] - (cot x — [cot x]) = (tan x — [tan x]) - [cot x]

[*] — great integer function.
ROVSEN PIRGULYEV, RMM, AZERBAIJAN
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112. Prove that:
.o, .5 .,m . Tm . ,5t . mw 3
sin” —-sin— —sin” —-sin— +8in" —-sin— = —,
18 18 18 18 18 18 4

GEORGE APOSTOLOPOULOS, RMM, GREECE

113. Find 4, B, C € (0, ), A + B+ C =7 such that:
cos A|cosB|+cosB|cosA|=1+cos2C
cosB|cosC |+cosC|cosB|=1+cos2A.
cosC|cosA|+cosA|cosC|=1+cos2B
DANIEL SITARU, RMM, ROMANIA

114. Solve for real numbers:
27" +2=3"
27" +2=3",
277 +2=3"
SEYRAN IBRAHIMOV, RMM, AZERBAIJAN

115. For each positive real number x, we define {x} to be the greater of x and l, with
X

{1} = 1. Find, with proof, all positive real numbers y such that 5y {8y} {25y} = 1.
DAN GRILLER, BRITISH NMO, 2017

116. Naomi and Tom play a game, with Naomi going first. They take it in turns to
pick an integer from 1 to 100, each time selecting an integer which no one has chosen
before. A player loses the game if, after their turn, the sum of all the integers chosen
since the start of the game (by both of them) cannot be written as the difference of two
square numbers. Determine if one of the players has a winning strategy, and if so, which.
ToM BOWLER, BRITISH NMO, 2017

117. If m € [0, ); a, b, x, y, z € (0, ), then:

2m+2 2m+2 2m+2 3

al + 24 + z > —
T 4" (a+ D)
9

2m+2 CSsz g (ax+by)2m+2 csc
D.M. BATINETU-GIURGIU, DANIEL SITARU,
LA GACETA DE LA RSME, 2017

m

(ay +bz)*" sec? % (az + bx)

118. Given a positive integer n, define (0, j) = (i, 0) =0, f(1, 1) = n, and f (i, j) =
= [f(l ;1’1)}{f(l’é _1)} for all positive integers i and j, (i, /) # (1, 1). How many

ordered pairs of positive integers (i, j) are there for which £'(i, j) is an odd number?
DUSAN DJUKIC, SERBIAN NMO, 2016
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119. Solve for real numbers:

B

sin[x]+ cos(x —[x]) =—

2 , [*]— great integer function.

sin(x —[x]) + cos[x] = )
ROVSEN PIRGULIYEV, RMM, AZERBAIJAN

120. Solve for x > 0 the equation:
P B | 1 1
e+t —t—=————t———
et m cot (') cot (m")
ROVSEN PIRGULIYEV, RMM, AZERBAIJAN

121. If a, r € (0, ), then:
Z k <Qa+m-Dr)n, n e N".

= LZL( a+(ll_1)r B

122. Find all functions f: R — R such that:

SO ) —f ) =2f () +xy ().
VIETNAMESSE NMO, 2017

DANIEL SITARU, RMM, ROMANIA

123. Prove that in any right-angled triangle the following inequality holds:
mmm, _5
—ahe > =
abc 8
D.M. BATINETU-GIURGIU, NECULAI STANCIU, ROMANIA

124. Find all the functions /: N* — [1, o), which satisfy the conditions:
D) f(2)=2; (1) f(n) <f(n+ 1); (iii) f (nm) = f (n)f (m).
D.M. BATINETU-GIURGIU, NECULAI STANCIU, ROMANIA

125. If xy, x, ..., x, are real positive numbers, prove that:
1 < X,

+ >1.
2" XX, e X, kzzll(x] +D(x, +1) - (x, +1)

D.M. BATINETU-GIURGIU, NECULAI STANCIU, ROMANIA

126. Let be the sequences (a,),.,, (b,),,,(c,),., defined:




Prove that the sequence (c,),., has all the terms natural numbers.

n=2

D.M. BATINETU-GIURGIU, NECULAI STANCIU, ROMANIA

127. Solve in Z x Z the equation: x* — 2x + 2xy — 2y + y* = 3.
MARIN CHIRCIU, ROMANIA

128. Solve for real numbers: x\/4 +x+ 2\/21 —x=5Jx*+4.
MARIN CHIRCIU, ROMANIA

129. Let be a > 0. Solve for real numbers:

xa+x+Na +a’ +a—-ax =(a+1D\Vx* +a.

MARIN CHIRCIU, ROMANIA

130. In ABCD cyclic quadrilater, AB=a, BC=b, CD =c, DA =d, S — area [ABCD].
4S8
Jabed
DANIEL SITARU, RMM, ROMANIA

sinA+sinB+sin C+sinD <

131. In ABCD cyclic quadrilater, AB = a, BC=b, CD = ¢, DA = d, s — semiperimeter:

nasnos 1= 0-C0-3)

DANIEL SITARU, RMM, ROMANIA

132. In ABCD convexes quadrilateral: 4B =a, BC=b, CD = ¢, DA = d. Prove that:
> Na* +b +c* >24/3-AC-BD .

DANIEL SITARU, RMM, ROMANIA

133. Ifx, y, z € [0, o), then:
\/)c2 —xy\/§+y3 +\/y2 —yz\/EJrz2 >\x* —xz+ 2%,

DANIEL SITARU, RMM, ROMANIA

134.1fx, y, z € (0, ), xyz = 1, then:
x(x =3y +2))° + @Bx—(y+2)(y+2)=27.
DANIEL SITARU, RMM, ROMANIA
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135.

136.

137.

138.

139.

140.

141.

142.

If a, b, ¢ > 0, then:
a b ¢
c a

c+a a+b b+c
> + +

“c+b a+c b+a’
GEORGE APOSTOLOPOULOS, RMM, GREECE

Ifa,b,c>0,a+ b+ c=3, then:
at b* c a’+b*+¢?
+ + >
b*\2c(a* +1)  c*\2a(b’ +1)  a*\2b(c +1) 2
HOANG LE NHAT TUNG, RMM, VIETNAM

4

Ifa, b,c>a®+b°+ ® =9, then:
2[ a+b N b+c N c+a J >1.
(@b +b°\Va) BN +b)Y  (ENa+aiNe)
DANIEL SITARU, RMM, ROMANIA

Let be 0 <a < b < c. Prove that:

a—b b—a b m
Z(e +e )>2a—2c+3+z - .
a
DANIEL SITARU, SSMA MAGAZINE, 2017

Ifa,b,c>0,a#b#c+#a,then:
1 1 1 1 1 1 81

+ + >
(a—b)* (b-c) (c—a)’ ab bc ca 4a +b+c°)
DANIEL SITARU, RMM, ROMANIA

Ifa,b,c>0,a+b+c=1, then:
a3 + b3 + C3 + 6abc > aa2+2bc 'bb2+2ac ‘ccz+2ab'
DANIEL SITARU, RMM, ROMANIA

Prove that if x, y, z € [1, 2], then in AABC:
2 3
Jlabexyz (ﬁ + > + EJ < 165 .
X y z 3
DANIEL SITARU, RMM, ROMANIA

4
Ifx,y,z>0suchthatx’ +)’+2 =3 andn > 3 prove that:

xtn y+n o zn o

> +1 my*+1 nz’+1
MARIN CHIRCIU, ROMANIA
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143. Solve for real numbers:
2

i . 2Xx"—a . X .
5 +arcsin———— = 2arcsin—, where a > 1, a is given.
a a

MARIN CHIRCIU, ROMANIA

144.1fa, b,c>0suchthata+b+c=1andn e N, prove that:
an+l bn+l Cn+l 1
+ + > .
1-a" 1-b" 1-¢" 3"-1
MARIN CHIRCIU, OCTAVIAN STROE, ROMANIA

145. Let O be circumcenter of 4BC triangle. Prove that:
2 2 2
40-AB+BO-BC+C0.cA=4 b *¢

MARIN CHIRCIU, ROMANIA

146. Prove that in any triangle 4BC and for all positive real numbers x, y, z the
following inequality holds:

14_14_1 £+l+£ £+l+£ 2&32
ra rb rc rb rc ra rc ra 7}7 r
HUNG NGUYEN VIET, RMM, VIETNAM

147. Prove that in any triangle ABC the following relationship holds:

B C C A A B
cot—cot— cot—cot— cot—cot—
2 2 + 2 2 + >2 cosé+cos£+cos£ .
A C B 2 2 2
cot— cot— cot—
2 2

HUNG NGUYEN VIET, RMM, VIETNAM

148. Let ABC be a triangle with a = BC, b = CA, and ¢ = AB. Let A'B'C' be another
triangle with B'C'= \/E, Cc'A'= \/E,A’B’: \/E Prove that:

sin lA sin lB sin lC =cosA'cosB'cosC'.
2 2 2
MEHMET SAHIN, RMM, TURKEY

149. In acute-angled A4ABC, the following relationship holds:
D (sin24+ sinB)( -

< tan 4 + tan B)(cot A+ cot B).
sin2A4 sin2BJ z( X )

DANIEL SITARU, RMM, ROMANIA
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150. Letbe a, b, ¢ € (1, o). Solve for real numbers:
1 1 1 1
(ax +b* +c x](a" +b" +c "):(a—i-b—i-cz)2 .
MARIN CHIRCIU, ROMANIA

151. Letbe n € N'. Find x > 0 with the property:

XM rn=m+)m+Dx-n.

MARIN CHIRCIU, ROMANIA

an—l i

" has a term that is
2a, ,—a

n

152. Prove that the sequence (a,), > defined by a,,, =

n

1 :
the reverse of a perfect square, then the sequence (b,), > defined by b, =— contains
a

an infinity of perfect squares.
D.M. BATINETU-GIURGIU, NECULAI STANCIU, ROMANIA

153.If @, =1+ 2011n (n € N), then prove that:

a) (a,). >0 contains an infinity of perfect squares;
b) (a,). >0 contains an infinity of perfect squares;

¢) (@,)n > contains an infinity of natural numbers having the form o> +a + 1 (¢ € N).
D.M. BATINETU-GIURGIU, NECULAI STANCIU, ROMANIA

154.1f f: N — N, such that for any 1 <x <y <z we have f(x) + f(y) =z f(¥) +

+f(z)=x, f(2) + f(x) = y and for any z > 2 we have f(z) > 1 + g then find all the

triplets (x, y, z).
D.M. BATINETU-GIURGIU, NECULAI STANCIU, ROMANIA

155. Prove that if a + b # 0 such that a cos ax + b cos bx = ¢ cos cx + d cos dx,
VxeR, thena=cora=d.
D.M. BATINETU-GIURGIU, NECULAI STANCIU, ROMANIA

156. Letbe n € N  and k € N, k> 2. Solve the system:
ZnIx _zn'y\/;:k3_1
7{’/x\/x\/; +7(7/y«/y v =k+1

MARIN CHIRCIU, ROMANIA
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157. The real positive numbers x, y, z, n have the property that xy, yz, zx < n. Prove
that if:

(n+x>)(n+y*) N (n+y)(n+z%) N (n+z)n+x") S 3n+xy+yz+zx
2n+x*+y° 2n+y* +z2° 2n+z° +x° 2 .
MARIN CHIRCIU, ROMANIA

158. If /: R — R, such that f(ctg x) = sin 2x + cos 2x, V x € (0, ), then find f(x).
D.M. BATINETU-GIURGIU, NECULAI STANCIU, ROMANIA

159. Prove that for any triangle ABC and all positive real numbers x, y, z the following
inequality holds:

x .sm1.4 LY .sml.? Lz .sm(.? > 3.
y+z sinBsinC z+x sinCsin4 x+y sinAsinB

NGUYEN VIET HUNG, RMM, VIETNAM

160. In AABC, the following relationship holds:
sin® 4 cos® 4 + sin” B cos® B + sin® C cos® C < g .
DANIEL SITARU, RMM, ROMANIA

161. In AABC, the following relationship holds:
2 2
3 L+L+L Zzb +bc+c .
h, h, h bcm,
DANIEL SITARU, RMM, ROMANIA

162. Prove that in any AABC the following relationship holds:
mmm, W, W, R

W, o

r,Lr. h,hh, T
DANIEL SITARU, RMM, ROMANTIA

163. In AABC, the following relationship holds:
2(AN?* + BN?+ CN?) + 42Rr < 45> + 3r - ON
N —Nagel’s point, O — circumcentre, s — semiperimeter, » — inradius, R — circumradius.
DANIEL SITARU, RMM, ROMANIA

164. In acute triangle 4BC, the following relationship holds:
tan'4 tan*B tan'C

—+——+— - 2>tanAtan BtanC.
tan" B tan"C tan C

DANIEL SITARU, RMM, ROMANIA
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165.

166.

167.

168.

169.

170.

171.

172.

In A4ABC, the following relationship holds:

%Zf cosBcosC > 16(Z:sinA)(Z:cos2 A).
-

DANIEL SITARU, RMM, ROMANIA

In A4BC, the following relationship holds:
(mg, + r))(my + rp)(m. + r.) = 8wwyw,.
DANIEL SITARU, RMM, ROMANIA

In AABC, the following relationship holds:

2 2 2 2
AN )

a b ¢ 2p
DANIEL SITARU, RMM, ROMANIA

In AABC, I — incentre, the following relationship holds:

2
s ZAI >m,m,w,w, +mmw,w, +mmww,.

DANIEL SITARU, RMM, ROMANIA

In AABC, the following relationship holds:

I U5 NURS NI U N .
m, +my, +m. )| —+—+— |25, §—semiperimeter.
m mh m

a (&

DANIEL SITARU, RMM, ROMANIA

In A4ABC, the following relationship holds:

16(22—{}[2?—5} >9(a’ +b* + 7).

a

DANIEL SITARU, RMM, ROMANIA

Prove that in any triangle the following relationship holds:

\/(r +n)n +r)(r +r) > \/,

ADIL ABDULLAYEV, RMM, AZERBAIJAN

Prove that in any triangle the following relationship holds:

> 2 +12J6(4R +1).

cyc

ADIL ABDULLAYEV, RMM, AZERBAIJAN
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173. In A4ABC, the following relationship holds:

(2L )22z 4(zm

a
w a

a

DANIEL SITARU, RMM, ROMANIA

174.LetS={1,2,..,n},n>2,and let f: S — S be a bijective function distinct from

the identity. Let u = Z| f(k)—k| and let it be the number of ordered pairs (a, b) of

k=1
elements of S such that a > f(a) < f(b). Show that v < u < 2v, and that u = 2v if and
only if there do not exist positive integers a > b > ¢ such that f(a) < f(b) < f(c).
JOSE LUIS DiAZ-BARRERO, BARCELONA TECH, MATH CONTEST, 2014

175. For real numbers x; > x, > ... > x,, > 0, n > 2, that satisfy a condition x; + x, +
+ ... + x, = n, prove an inequation:
200 Fxxs o F XX, Faoxs F gt xx, T X X)) 20 (o txs T LX),
VITALY SENIN, UKRAINIAN NMO, 2017

176. Find all the functions /: R — R such that V x, y € R the equation is true:

S +fF)) =y + (X))
ANDRIY ANIUKUSHIN, UKRAINIAN NMO, 2017

177. Let abc be a prime number. Prove that equation ax® + bx + ¢ = 0 does not have
rational roots.
JOSE LUIS DiAZ-BARRERO, BARCELONA TECH, MATH CONTEST, 2015
178. Let a, b, ¢ be three positive numbers such that ab + bc + ca = 3abc. Prove that:
a+b b+c c+a
2 2 + 2 2 + 2 2 S 3
cla”+b7) a(b” +c”) b(c”+a’)

JOSE LUIS DiAZ-BARRERO, BARCELONA TECH, MATH CONTEST, 2017

179.1f o, B,y € (O, %) such thata + B +y= g and a > 0, prove that:

\/a+tgatgﬂ +\/a+tgﬂtg7/ +\/a+tg7tga <\9a+3.
MARIN CHIRCIU, ROMANIA
180.Ifa, b, c > d*+ b* + ¢* =2, then:
2
\/Ecscg+\/§csc7n+ ca csc37nﬁ4.

DANIEL SITARU, RMM, ROMANIA
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181.1fne N, n>2,a,b,c>1,a+b+c=3""" then:
Z({’/a+</g+ﬁ/a—</5)<l8.

DANIEL SITARU, RMM, ROMANIA

182.1f m € N, m > 2, then:
m—2

2 2117'5 2137'5 2217‘[: (3)»1
m+tan —+tan —+tan " —+tan  —>2+| — .
36 36 36 36 16

DANIEL SITARU, RMM, ROMANIA

183.1fa, b € (0,%), then:

cosa sinacosh sinasinb - 93

+ — .
l+cos*a l+sin*acos’d 1+sin*asin*d ™ 10
DANIEL SITARU, RMM, ROMANIA

184.1Ifa, b, c, x € R, then:

a* +b*+ ¢ + (sinx + cos x + sin x cos x)(ab + bc + ca) > 0.
DANIEL SITARU, RMM, ROMANIA

185. Let OABC be a tetrahedron with «£40B = «BOC = «COA = 90° and let P be any
point inside the triangle ABC. Denote, respectively, by d,, dy, d. the distances from P
to faces (OBC), (OCA), (OAB). Prove that:

a) d’ +d; +d’ =0P%;

b) daddeSOA-OB-OC;

27
¢) OA-d’ +O0B-d, +0C-d’ > OP*.
NGUYEN VIET HUNG, RMM, VIETNAM

186. If x, y > 0; z € R, then:

2
(x+y) +2+2>6

(xsin® z+ ycos® z)(xcos’ z+ ysin’z)  y x
DANIEL SITARU, RMM, ROMANIA

187. In AABC:
sin4  sin’B sin®C _ 2s?
- 2
sin™' 4 sin™ El sin™ 16~ nR
5 13 65
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sin4 sin*B  sin’C . 45*
- R?

tan ™' l tan ' l tan ' 1
2 8

DANIEL SITARU, RMM, ROMANIA

188. 1f a, b, ¢, d > 0, then:
(a+b)(a+c)(a+db+ce)b+d(c+d’=

>(a+3 bcd)s(bJri/%)z(cJﬁ dab)z(d+i/@)3.

MIHALY BENCZE, RMM, ROMANIA

189.1fa, b,c,x,y,z>0,a+ b+ ¢ >3, then:

(ax+by+cz)(ay+bz+cx)(az+bx+cy)2L},
1+1+1j
X y z

DANIEL SITARU, RMM, ROMANTA
190.Ifa,b,c>0,a+b+c=3,x € R, then:
(i/asin2 x + b cos? x)(i/bsin2 x +3ccos? c)(i/csin2 x +3acos? x) <4,

DANIEL SITARU, RMM, ROMANIA

xX+y

191.1fx,y>0,n>1,n € Q, AM = , GM =[xy, then:

2
x”+y” 2n 2n
>2AM™" + GM ™.
[ V2 J

UCHE ELIEZER OKEKE, RMM, NIGERIA

192.1fx, y,z € [0,%), then:

Hln(l +tan’ x)- Hln(l +cot’ y) < l_Iln2 ( 2 j

sin2z

DANIEL SITARU, RMM, ROMANIA
A 21
193. Prove that 2°** + 25" > 2 V2 v x e R.

IBRAHIM ABDULAZEEZ, RMM, NIGERIA
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194. Prove that in any triangle the inequality is true:

(na— p)(nb — p)nc —p) < (2” 3

3
-pj , where n > 2.
MARIN CHIRCIU, ROMANIA

195. Prove that in any triangle the following inequality holds:

nl_[sin2 A+1_[cos2 A< 27;16+1(1—Hc0s A) ,where 1 <n<3.

MARIN CHIRCIU, ROMANIA

196. Prove that in any triangle the following inequality holds:
n-R+k-r S p*+(6n+3k=27)r"

,wWhere n >4 and k> 1.
V3 p

MARIN CHIRCIU, ROMANIA

197. Prove that in any triangle the following inequality is true:
\/n(a2 4B+ +k(ab+be+ca) 2

>—(m,+m, +m,)
n+k 3o e

where n and k are positive numbers with 2n > 7k.
MARIN CHIRCIU, ROMANIA

198. Prove that in any triangle the following inequality is true:
a__ b P S, 3p
\/p—na \/p—nb \/p—nc 3-2n

,where 0 <n < 1.

MARIN CHIRCIU, ROMANIA

199. Prove that in any triangle the following inequality holds:
pt+n-r(A4R+r) <(n+1)- p*(R+r) (4R +r), where n > 0.
MARIN CHIRCIU, ROMANIA

200. Prove that in any triangle the following inequality is true:
n+sin££ (p—b+nc)(p—c+nb)

2 bc
MARIN CHIRCIU, OCTAVIAN STROE, ROMANIA

, where n > 0.

201. Prove thatifa, b, c,d, e, f, € (0,0)anda+b +c=2,d+ e+ f= 3, then:

a b c
BEGIER
a b c 4
DANIEL SITARU, RMM, ROMANIA
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202.1fx, y,z € (O°§j’ then:

tan x tan y tanz 3
+ +

siny+sinz sinz+sinx sinx+siny 2
D.M. BATINETU-GIURGIU, NECULAI STANCIU, RMM, ROMANIA

203.Ifn e N,n>3,x,y>0, then:

P+t 4yt gy <-2) )

DANIEL SITARU, RMM, ROMANIA

204.1Ifa, b, ¢ > 0, then:
a++Jab +3abe <i/a(a+bj[a+b+cj
3 2 3
KIRAN KEDLAYA, RMM, USA

205.1Ifa, b,c,d>0,x,y € R, then:

sinx cos’x sin’y cos’y 2
+ + + > .
a b c d a+b+c+d
DANIEL SITARU, RMM, ROMANIA

206.1fa, b, c, d > 0, then:
4
(zﬁﬂngﬂzrgﬁfﬁgdfﬁfj[zlj >
a

4672

> .
3

UCHE ELIEZER OKEKE, RMM, NIGERIA

207.1Ifa, b, ¢ = 0, then:
a+b+c> ((‘/;4—{‘/5)\4/61130.
DANIEL SITARU, RMM, ROMANIA
208.If0<a<3,0<b<5,0<c<7,then:

Ja+1+Yp+1+Yc+1<e6.
DANIEL SITARU, RMM, ROMANIA

209.1f0<a<b<c<d, then:
3Ja +34b +2%c +3d > Yab + Yabe + Yabed.
DANIEL SITARU, RMM, ROMANIA
38



210.Ifx, y,z> 0, 6xyz = ;, then:

xX+2y+3z
(4x*y* +1)(36y°2> +1)(9z°x* +1) S 1
2304x%y°z° C(x+2y+32)7°

DANIEL SITARU, RMM, ROMANIA

211. Determine all functions f: R — R satisfying f(x* + f(x)f(y)) = xf(x + y) for all

real numbers x and y.
MEMO, 2017

212. In AABC, the following relationship holds:
3
H(mf +mm, +m, ) 2 (M] .
l"a + }"b + I’E
DANIEL SITARU, RMM, ROMANIA

213. In A4BC, the following relationship holds:
O L LN C)
+ + >

alz blz Clz - R
DANIEL SITARU, RMM, ROMANIA

214. In A4ABC, the following relationship holds:

574 574 574
hbllzc +hcllza +hail)b 233 th
RORY TR TN 2s

DANIEL SITARU, RMM, ROMANIA

215. In acute-angled AABC, the following relationship holds:
2
(z 1 J S(’na+M}b-’-hc)'43}e+2r'

S—a Sr

DANIEL SITARU, RMM, ROMANIA

216. In A4BC, K — Lemoine’s point. Prove that:

AK BK CK m +m, +m,
+ + < a b c
2 2 2 2 2 2 = 2 2 2 "
b°+c¢° ¢ +a a +b a +b +c
ADIL ABDULLAYEV, RMM, AZERBAIJAN

217. In AABC, the following equality holds:
Z(Q/E+Q/E—%/E)3 >33a +33b +333c - 2.
DANIEL SITARU, RMM, ROMANIA
39



218. Prove that in any triangle the double inequality is true:

6 r a b c 3 R
< + + < -—, where n > 0.
n+2 R na+b+c nb+c+a nc+a+b 2n+2) r

MARIN CHIRCIU, ROMANIA

219. Prove that in any triangle the following inequality is true:
pt+n-r(AR+r) <(n+1)- p*(R+r) (4R +r), where n > 0.
MARIN CHIRCIU, ROMANIA

220. Prove that in any ABC triangle the following inequality is true:

\/bc(p —na) +\/ca(p—nb) +\/ab(p—nc) <3R{(3-2n)p,where n>1.
MARIN CHIRCIU, ROMANIA

221. Prove that in any ABC triangle the following double inequality is true:
2

a*(b+c—na)+b*(c+a—-nb)+c*(a+b-nc)> 24(2—n)-S—, where n < 1.
p
MARIN CHIRCIU, ROMANIA

222. Prove that in any ABC triangle the following inequality holds:
h,h, h,h, hh 9r
+ — >
h,+h, h+h h +h 2
MARIN CHIRCIU, ROMANIA

223. Prove that in any triangle the following inequality holds:

2
4R+ r + n 23+2,Wherenﬁ9.
p 4R +r 9

MARIN CHIRCIU, ROMANIA

224. In acute-angled AABC, the following relationship holds:

> 1 B N}

>
sin2B +sin2C —sin24 {/H sin2A4
DANIEL SITARU, RMM, ROMANIA

225. Let m,, my, m, be the lengths of the medians of a triangle, and let w,, w;, w, be
the lengths of the internal bisectors of the angle opposite of the sides of lengths a, b, c,

2
2 2 2
m, +ﬂ+mc
a b c

w2 +w, +w
GEORGE APOSTOLOPOULOS, RMM, GREECE
40

respectively. Prove that: 2 %



226. Let ABC be an arbitrary triangle, I,, I, I. are excenters, r is inradius, and R is
circumradius of ABC. Prove that:

1273 < P(1,1,1.) < 6R~/3, where P(II,1,) is perimeter of ABC.
MEHMET SAHIN, RMM, TURKEY

227. Let a, b, and ¢ be the side lengths of a triangle 4BC, with inradius r. Prove that:
at b ct

>

+ + <z

y , A , B
tan"— tan”"— tan® —
2 2 2

GEORGE APOSTOLOPOULOS, RMM, GREECE

6-r.

228. In any triangle 4ABC, the following relationship holds:
A B R |2R
tan—+tan—+tan— < —, | ——1.
2 2 2.r\ r

GEORGE APOSTOLOPOULOS, RMM, GREECE

229. In A4ABC, the following relationship holds:
I 1 1 a b ¢ 3

2(—+— —j—(—+—+—js .
a b c¢) \bc ca ab) 3f(b+c—a)c+a-b)a+b-c)
DANIEL SITARU, RMM, ROMANIA

230. In AABC, the following relationship holds:
aS
—bc+c*
DANIEL SITARU, RMM, ROMANIA

6 6 6 2
a’ +b”+c >8r S2b2

231. Prove that in any triangle ABC:

mn,  m,  m Jb+e Ne+a Na+b

> + + ,

I 1 L NI N N

where [, [, . are internal angle bisectors from 4, B, C, respectively.
NGUYEN VIET HUNG, RMM, VIETNAM

232. Prove that in any ABC triangle the following inequality holds:

sin A sin B sinC S 3

+ + > ,
msin B+n+/sin AsinB  msinC+n+/sinBsinC msin A+n+sinCsin4A m+n

where 2m > n > 0.

MARIN CHIRCIU, ROMANIA
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